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We obtain rotating black hole solutions to the novel 3D Gauss–Bonnet theory of gravity recently
proposed. These solutions generalize the BTZ metric and are not of constant curvature. They
possess an ergoregion and outer horizon, but do not have an inner horizon. We present their basic
properties and show that they break the universality of thermodynamics present for their static
charged counterparts, whose properties we also discuss. Extending our considerations to higher
dimensions, we also obtain novel 4D Gauss–Bonnet rotating black strings.
I. INTRODUCTION
Higher-curvature theories of gravity continue to remain
of considerable interest, in part because most approaches
to quantum gravity suggest that the Einstein–Hilbert ac-
tion is modified by such corrections, and in part because
such theories provide a new arena for testing our under-
standing of classical gravity in strong gravitational fields.
The most promising and widely studied candidates are
Lovelock theories [1]: they are the most general theo-
ries built from the Riemann curvature tensor that retain
second-order equations of motion for the metric. How-
ever they have the property that their additional contri-
butions to the action are either topological or identically
zero for D < 5.
A new proposal [2] for circumventing this limitation
for Gauss–Bonnet gravity (the simplest of the Lovelock
theories) has generated considerable interest recently. By
treating the spacetime dimension as a parameter of the
theory and rescaling the Gauss–Bonnet coupling α, it is
possible to obtain D = 4 and D = 3 versions of this
theory. Although the original proposal involved taking
limits of solutions to the field equations, raising a variety
of issues of consistency [3–5], it is possible to obtain con-
sistent actions in D < 5 without making any assumptions
about either actual solutions or extra dimensions [4, 6, 7].
This approach is a generalization of one applied quite
some time ago to obtain a D → 2 limit of general rela-
tivity [8], and is consistent with a dimensional reduction
procedure recently expounded [9, 10], provided the inter-
nal space is flat. The resultant theory is the following
scalar-tensor theory of gravity
S =
∫
dDx
√−g
[
R− 2Λ + α
(
φG + 4Gab∂aφ∂bφ
−4(∂φ)2φ+ 2((∇φ)2)2
)]
, (1)
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where G = RabcdRabcd − 4RabRab + R2 is the Gauss–
Bonnet term (which identically vanishes in D < 4 di-
mensions) and Gab is the Einstein tensor. For D = 3
there is no scalar propagating degree of freedom [11].
Much effort has been expended analyzing the conse-
quences of lower-dimensional Gauss–Bonnet gravity, in-
cluding black holes, star-like solutions, radiating and col-
lapsing solutions, cosmological solutions, black hole ther-
modynamics and various physical implications (see cita-
tions of [2]). All black hole solutions so far have been for
spherically symmetric metrics.
We present here the first example of an exact rotat-
ing solution in D = 3 Gauss–Bonnet gravity (1). Unlike
previous solutions that were simply an embedding of the
rotating Banados–Teitelboim–Zanelli (BTZ) [12] metric
that required curvature in the internal space [13], our
solutions are a novel generalization of the rotating BTZ
metric and provide us with a new class of rotating black
holes in (2 + 1) dimensions without constant curvature
that might be expected from quantum gravitational cor-
rections to the classical action. Having such solutions
will be of considerable value, since many problems in-
tractable in higher-dimensions can be solved (or at least
ameliorated) by considering BTZ black holes [14–17].
II. STATIC BLACK HOLES
The field equations of the D = 3 version of Gauss–
Bonnet gravity (1) yield the following solution [7] (see
also [13, 18]):
ds2 = −fGBdt2 + dr
2
fGB
+ r2dϕ2 , φ = ln(r/l) , (2)
where
f±GB = −
r2
2α
(
1±
√
1 +
4α
r2
fE
)
, (3)
is the Gauss–Bonnet generalization of the (static) Ein-
stein theory BTZ metric function [12]
fE =
r2
`2
−m, (4)
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2with m and l integration constants and Λ = −1/`2.
Denoting the black hole solution by fGB ≡ f−GB , it is
simple to show that not only are the horizons located
at the same value of r+ for the two theories, but the
temperatures
T =
f ′E(r+)
4pi
=
f ′GB(r+)
4pi
(5)
are also the same. Futhermore, since the scalar field φ is
finite on the horizon, the entropies coincide
S =
pir+
2
(6)
despite the fact that the Gauss–Bonnet theory (1) is a
higher-curvature theory and the entropy is calculated us-
ing the Wald prescription [19].
The result is a ‘universal thermodynamics’:
M =
m
8
=
r2+
8`2
, T =
f ′
4pi
=
r+
2pi`2
, S =
pir+
2
,
P =
1
8pi`2
, V = pir2+ , ψα = 0 , (7)
identical to that of the familiar BTZ black hole in Ein-
stein gravity, albeit with the additional potential ψα con-
jugate to α. This is quite intriguing – even though the
curvature is not constant, the thermodynamic parame-
ters are the same for any value of α. We also obtain
δM = TδS+V δP+ψαδα , 0 = TS−2PV +2ψαα , (8)
which are the standard first law and Smarr relations [20].
It is known that the thermodynamic properties of higher-
dimensional Lovelock black branes are identical to those
of black branes in Einstein gravity [21, 22]. The observa-
tions here are consistent with this property, now extended
to lower dimensions.
Charged generalizations of the solution (2) in the
Maxwell and Born–Infeld theories are discussed in the
appendix.
III. ROTATING BLACK HOLES
A. BTZ solution
Before proceeding to consider the rotating Gauss–
Bonnet BTZ black hole, it will be helpful to make some
remarks on an alternate form for the rotating BTZ met-
ric in Einstein gravity. This metric can be obtained by
‘boosting’ the static BTZ black hole according to [23, 24]:
t→ Ξt− aϕ , ϕ→ at
`2
− Ξϕ , Ξ2 = 1 + a
2
`2
, (9)
yielding the metric
ds2 = −fE(Ξdt−adϕ)2 + r
2
`4
(adt−Ξ`2dϕ)2 + dr
2
fE
, (10)
where fE is the metric function (4). The usual form of
the metric
ds2 = −fˆdt2 + rˆ2
(
dϕ− J
2rˆ2
dt
)2
+
drˆ2
fˆ
,
fˆ =
rˆ2
`2
− mˆ+ J
2
4rˆ2
, (11)
for the rotating BTZ black hole can be recovered by a
simple shift of the radial coordinate:
rˆ2 = −fEa2 + r2Ξ2 ⇒ r =
√
rˆ2 −ma2 , (12)
together with setting
J = 2Ξam , mˆ = m
(
1 +
2a2
`2
)
. (13)
Written in the ‘Kerr-like’ coordinates (10), the event
horizon is located at the largest root of fE = 0, while
the inner horizon is located at r = 0. The corresponding
thermodynamic quantities are
M =
m(2Ξ2 − 1)
8
, J =
1
4
Ξam , Ω =
a
Ξ`2
,
T =
f ′E
4piΞ
=
r+
2piΞ`2
, S =
piΞr+
2
,
P =
1
8pi`2
, V = piΞ2r2+ , (14)
and obey the standard first law and Smarr relations:
δM = TδS+ ΩδJ +V δP , 0 = TS− 2PV + ΩJ . (15)
While there is no clear advantage to using (10) in Ein-
stein gravity, we will now see that this form of the metric
allows for considerable simplification when obtaining so-
lutions with rotation to the equations of (1).
B. Gauss–Bonnet black holes
To obtain a rotating solution in the Gauss–Bonnet
theory we perform the same type of boost used in the
Einstein case, but modified to account for the fact that
the higher-curvature corrections result in modifications
to the AdS length scale of the theory:
t→ Ξefft− aϕ , ϕ→ at
`2eff
−Ξeffϕ , Ξ2eff = 1 +
a2
`2eff
, (16)
applied to the metric (2), where
`eff =
√
2α√
Xα − 1
, Xα = 1 +
4α
`2
. (17)
This yields
ds2 =−fGB(Ξeffdt−adϕ)2+ r
2
`4eff
(adt−Ξeff`2effdϕ)2+
dr2
fGB
,
φ = ln(r/l) , (18)
3with fGB given by f
−
GB in (3), and l an arbitrary integra-
tion constant. Had we instead used the ‘bare’ cosmologi-
cal length scale ` in the boost, the resulting metric would
rotate at infinity, complicating the thermodynamics [25].
The metric (18) is an exact solution to the field equa-
tions of (1) and is the Gauss–Bonnet generalization of
the rotating BTZ black hole. However, there are some
important differences worth commenting on. Consider
constant r-surfaces in the geometry. The determinant of
the induced metric on these surfaces is
σ = −r2fGB . (19)
The surfaces corresponding to r = 0 and fGB = 0 are
null and are horizons in this coordinate system. For the
ordinary BTZ black hole (10), the largest root of fE = 0
corresponds to the event horizon while r = 0 corresponds
to the inner Cauchy horizon. However, in the Gauss–
Bonnet case, the metric function need not even extend
all the way to r = 0. For positive coupling the metric
function is real only when [7]
r > 2
√
αm
Xα
, (20)
and at this value of r there is a branch singularity. Thus,
it is clear that when α > 0 the metric cannot extend to
r = 0. At the branch singularity, the metric (monotoni-
cally) approaches
fGB → −2m
Xα
, (21)
and so crosses zero only once. In this case, a curvature
singularity is reached prior to the location of the would-
be inner horizon.
If α < 0 the situation is more interesting, since the
metric extends all the way to r = 0. However, in the
vicinity of r = 0 the metric function behaves as
f(r)→
√
−m
α
r +O(r2) (22)
and there is a curvature singularity at the origin [7].
Despite this exotic causal structure, the rotating
Gauss–Bonnet BTZ black hole possesses other features
expected of a rotating geometry. Ergoregions are regions
of spacetime where the Killing field ∂/∂t becomes space-
like. In the present case, this corresponds to the following
condition:
gtt = −fGBΞ2eff +
r2a2
`2eff
> 0 . (23)
Clearly, at the horizon (and necessarily also for some re-
gion outside of it) gtt > 0 and an ergoregion is present.
The metric can be cast into ‘ADM form’, which is com-
monly used for the rotating BTZ black hole (11):
ds2 = −N2dt2 + rˆ2 (Nϕdt+ dϕ)2 + drˆ
2
fˆ
. (24)
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FIG. 1. Here we show plots of rˆ vs. r for the BTZ black hole
(red), and the Gauss–Bonnet corrected BTZ black hole (blue
curves). The blue curves lying above the red curve have α > 0,
while those lying below the red curve have α < 0. In this plot
we have fixed m = 1, a = 1/2, ` = 1. The blues curves (from
bottom to top) correspond to α = −1/8 to α = +1/8 in
increments of 1/28. At large-r, all cases have rˆ ≈ r.
This requires transforming the radial coordinate accord-
ing to
rˆ2 = −fGBa2+r2Ξ2eff = r2+
2a2m
√
Xα +
√
Xα − 4αmr2
, (25)
with the lapse and shift given by
N2 =
r2fGB
rˆ2
, Nϕ =
aΞeff
rˆ2
[
fGB − r
2
`2eff
]
, (26)
and analog of the metric function fˆ = 1/grˆrˆ is
fˆGB =
fGB
[
2rΞ2eff − a2f ′GB
]2
4rˆ2
. (27)
Inverting (25) to obtain r(rˆ) is algebraically straight-
forward, but the resultant expressions are quite cumber-
some, and so we plot rˆ as a function of r in Fig. 1. For
α > 0, we see that rˆ fails to exist beyond the branch sin-
gularity (where the spacetime curvature also diverges).
For α < 0, rˆ → 0 as r → 0. This is a consequence of
the fact mentioned above that fGB → 0 as r → 0. As
such, the behaviour of this coordinate is markedly from
the ordinary BTZ black hole.
We plot the metric function fˆ in Fig. 2 instead of pre-
senting the cumbersome expression, with the BTZ case
in red. At large distances the metric function behaves as
fˆGB ∼ rˆ2/`2eff , while near the event horizon the curves
are remarkably close to one another. Significant differ-
ences appear deep inside the black hole, with the Gauss–
Bonnet-BTZ solution failing to exhibit an inner horizon.
The behaviour of the lapse is qualitatively the same as
fˆ , with the only notable difference being that N → 0 as
rˆ → 0 for all negative coupling.
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FIG. 2. Here we show plots of fˆ vs. rˆ for the BTZ black hole
(red), and the Gauss–Bonnet corrected BTZ black hole (blue
curves) with α < 0. The curves correspond to α = −1/8
to 0 in increments of 1/28 (top to bottom). We have set
the physical parameters (M,J) = (1, 1/2) for all cases, with
` = 1. At large distances, the metric function behaves as
fˆGB ∼ rˆ2/`2eff .
We find that the thermodynamic parameters are now
M =
m(2Ξ2eff − 1)
8
, J =
Ξeffam
4
, Ω =
a
Ξeff`2eff
,
T =
f ′GB
4piΞeff
=
r+
2pi`2Ξeff
, S =
piΞeffr+
2
,
P =
1
8pi`2
, V = pir2+
(
1 +
a2
`2
√
Xα
)
,
ψα =
r2+a
2
16α2`2
√
Xα
(√
Xα − 1− 2α
`2
)
, (28)
and obey the respective standard first law and Smarr
relation
δM = TδS + ΩδJ + V δP + ψαδα , (29)
0 = TS − 2PV + ΩJ + 2ψαα . (30)
The thermodynamics of this rotating black hole is signifi-
cantly different from that of its BTZ counterpart: univer-
sality of thermodynamics is no longer valid in the pres-
ence of rotation. One can easily check that when α > 0
the isoperimetric ratio [26] is R = 1− a22`2 α`2+a2 +O(α2),
indicating that these rotating black holes are super-
entropic [27].
IV. ROTATING BLACK STRING
It is straightforward to generalize our considerations to
D = 4. We find the following generalization of the black
string [23, 24]:
ds2 = −fGBdt2 + dr
2
fGB
+ r2dϕ2 + r2dx2 , φ = ln(r/l) ,
fGB =
r2
2α
(
1±
√
1− 4α
r2
fE
)
, fE =
r2
`2
− 2M
r
, (31)
and its rotating generalization
ds2 = −fGB(Ξeffdt− adϕ)2 + r
2
`4eff
(adt− Ξeff`2effdϕ)2
+
dr2
fGB
+ r2dx2 , (32)
where
Ξeff =
√
1 +
a2
`2eff
, `eff =
√
2α
1−√X−α , (33)
and the sign difference in α compared to (17) is a conse-
quence of setting D = 4 in (1).
The thermodynamic quantities (per unit length of the
string) are
M =
mΞeff(Ξ
2
eff + 1)
4
, J =
amΞ2eff
4
, Ω =
a
Ξeff`2eff
,
T =
f ′GB
4piΞeff
=
3
4
r+
pi`2Ξeff
, S =
piΞeffr
2
+
2
, P =
1
8pi`2
,
ψα =
a2r3+
4`6(1 +
√
X−α)2
√
X−α
√
1+
2a2
`2(1 +
√
X−α)
,
V =
pir3+(a
2 + 4
√
X−α`2)
6`2
√
X−α
√
1+
2a2
`2(1 +
√
X−α)
, (34)
and obey the standard first law and (4D) Smarr relations:
δM = TδS + ΩδJ + V δP + ψαδα ,
M = 2(TS − PV + ΩJ + ψαα) . (35)
We expect that a similar construction works for black
branes if we set D > 4 in (1) as well, generalizing thus
the construction in [28–30]. Contrary to the statements
in those paper, however, in order to formulate correct
thermodynamics of these objects one needs to employ the
effective AdS radius `eff rather than the bare AdS radius
` in the boost formulae. Once this is done a metric that
is non-rotating at infinity is obtained and its thermody-
namics (with correct thermodynamic quantities) can be
constructed.
V. CONCLUSIONS
The novel rotating Gauss-Bonnet BTZ black holes ob-
tained in this paper have a number of remarkable prop-
erties. As with their BTZ counterparts, they posses an
ergoregion and an outer horizon. However they possess
5no inner horizon – instead they have a cuvature singu-
larity that precludes its formation. If the α-dependent
terms in (1) arise from quantum gravitational effects, this
would be evidence that quantum gravity eliminates un-
stable inner horizons. Furthermore, rotation breaks the
universality of the thermodynamics present in the spher-
ically symmetric case.
We have also also shown that rotating black string so-
lutions exist for D = 4 Gauss-Bonnet gravity. Their
horizon and ergosphere properties are qualitatively sim-
ilar to the D = 3 case, and we expect our construction
extends to higher-dimensions.
It would be interesting to explore connections between
this class of rotating metrics and strong cosmic censor-
ship, which is now known for fail for the rotating BTZ
black hole [31, 32]. Such a study would provide insight as
to the role non-linearity in curvature might play in this
regard.
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Appendix A: Charged Black Holes
The static solution (2)–(4) can be easily generalized
to include the effects of the (possibly non-linear) electro-
magnetic field, by adding the following action:
SEM =
∫
d3x
√−gL(F ) , F = FabF ab (A1)
to the theory (1). Considering first the Maxwell theory
LM = −F , (A2)
we find that
ds2 = −fGBdt2 + dr
2
fGB
+ r2dϕ2 ,
f±GB = −
r2
2α
(
1±
√
1 +
4α
r2
fE
)
, φ = ln(r/l) , (A3)
describes for f−GB a charged Gauss–Bonnet BTZ black
hole, provided the metric function fE and the vector po-
tential A correspond to those of the charged BTZ black
hole in the Einstein gravity [12]:
fE =
r2
`2
−m−2e2 ln(r/r0) , A = −e ln(r/r0)dt , (A4)
with r0, l, and m arbitrary integration constants.
Similarly, for the Born–Infeld theory [33],
LBI = −b2
(√
1 +
2F
b2
− 1
)
, (A5)
which reduces to the Maxwell Lagrangian (A2) in the
limit b → ∞, we find that the solution takes the form
(A3), where now the Einstein metric function fE and
vector potential A are those of the Born–Infeld charged
BTZ black hole [34, 35]:
fE =
r2
`2
−m+ 1
2
rb2
(
r −
√
r2 + r21
)
− 1
2
r0b
2
(
r0 −
√
r20 + r
2
1
)
− 2e2 ln
(
r +
√
r2 + r21
r0 +
√
r20 + r
2
1
)
,
A = −e ln
(
r +
√
r2 + r21
r0 +
√
r20 + r
2
1
)
dt , r1 =
2e
b
, (A6)
where again r0, l,m are arbitrary integration constants.
We expect that the form (A3) remains valid for charged
Gauss–Bonnet BTZ black holes in any theory of non-
linear electrodynamics characterized by the action (A1).
If so, the charged Gauss–Bonnet BTZ black holes share
the same horizon radius r+ and the same temperature
T =
f ′E(r+)
4pi
=
f ′GB(r+)
4pi
(A7)
with their Einstein gravity cousins. If their vector fields
also coincide, then the thermodynamics is likewise uni-
versal.
In particular, for the Born–Infeld theory we have the
following thermodynamic quantities:
M =
m
8
, T =
f ′E(r+)
4pi
=
r+
2pi`2
, S =
1
2
pir+ ,
Q = e , φ = −e
2
ln
(
r +
√
r2 + r21
r0 +
√
r20 + r
2
1
)
,
P =
1
8pi`2
, V = pir2+ , (A8)
valid both for the Einstein and Gauss–Bonnet theories.
These quantities satisfy the following first law of black
hole thermodynamics:
δM = TδS + φδQ+ V δP , (A9)
where we have treated the integration constant r0 to be
a scale that is independent of the AdS radius `.1 To
1 Alternatively, one could let the two coincide, which however,
leads to exotic thermodynamics, see [36, 37] for a discussion.
6write the corresponding Smarr relation one would need to
include the variations the cosmological constant, as well
as the variations of r0 and of the Born–Infeld parameter b
and include the corresponding ‘Born-Infeld polarization’
term into considerations, see [38]. The Maxwell case is
recovered upon setting b→∞.
The obtained solutions in this appendix can be con-
sidered as D = 3 versions of the charged Gauss–Bonnet
black holes recently studied in four dimensions [39, 40].
We shall consider extending these solutions to include
rotation in a future paper.
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